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1. Introduction 

Since their introduction in [8, 4J, algebraic stacks have been a key tool in 
the algebraic theory of moduli. In characteristic 0, one often is able to work 
with Deligne-Mumford stacks, which, especially in characteristic 0, enjoy a 
number of nice properties making them almost as easy to handle as algebraic 
spaces. In particular, if is a Deligne-Mumford stack and M its coarse 
moduli space, then etale locally over M we can present M. as the quotient 
of a scheme by a finite group action. In characteristic the formation of M 
commutes with arbitrary base change, and if — > is flat then M ^ S 
is flat as well. A key property in characteristic is that the pushforward 
functor QCoh(A4) QCoh(M) is exact. 

In characteristics p > the situation is not as simple. First, in many 
situations one needs to consider algebraic stacks (in the sense of Artin) with 
finite but possibly ramified diagonal. Examples include K3 surfaces, surfaces 
of general type, polarized torsors for abelian varieties, stable maps. Second, 
even Deligne-Mumford stacks may fail to have some desired properties, such 
as flatness of moduli spaces, as soon as the orders of stabilizers are divisible 
by the characteristics. 

In this paper we isolate a class of algebraic stacks in positive and mixed 
characteristics, called tame stacks, which is a good analogue to the class 
of Deligne-Mumford stacks in characteristic 0, and arguably better than 
the class of Deligne-Mumford stacks in positive and mixed characteristics. 
Their defining property is precisely the key property described above: an 
algebraic stack with finite diagonal is tame if and only if the pushforward 
functor QCoh(A^) — > QCoh(M) is exact (see Definition 13.11 and discussion 
therein for the precise hypotheses). 

Our main theorem on tame stacks is Theorem 13.21 In particular, we show 
that an algebraic stack Ai is tame if and only if, locally in the etale topology 
of the coarse moduli space M, it can be presented as the quotient [U/G] of a 
scheme by the action of a finite flat linearly reductive group scheme. Other 
desirable properties, such as flatness of coarse moduli spaces, commutation 
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of the formation of moduli space with arbitrary base change, and stabihty 
of the tame property under pullbacks follow as corollaries. 

It should be noted that it is significantly easier to show such a presentation 
as a quotient locally in the fppf topology. But the presentation in the etale 
topology is extremely useful for the applications we envision. This is one of 
the most intricate technical points in the paper. 

The proofs of our results on tame stacks necessitate a good classification 
and study of finite flat linearly reductive group schemes. To our surprise, 
we have not found a good reference on this subject, and therefore developed 
it here. Our main theorem on linearly reductive group schemes is Theorem 
12.191 In particular it says that a finite flat group scheme G — > 5 is linearly 
reductive if and only if its geometric fibers Gx are extensions 1 — > A — > Gx — »■ 
Q — > 1 with tame and etale quotient Q and diagonalizable kernel A. While 
this classification is pleasing in its simplicity, it is also a bit disappointing, as 
it shows that the only finite groups admitting a linearly reductive reduction 
to characteristic p > have a normal and abelian p-Sylow subgroup. 

Finite flat linearly reductive group schemes and their classification are 
the subject of Section [2j 

In Section [3] we define the notion of tame stack, and prove the key local 
structure theorem (Theorem 13. 2p . 

In a sequel to this paper, we develop the theory of twisted curves and 
twisted stable maps with a tame target, in analogy to [1]. This is for us the 
main motivation for the introduction of tame stacks. 

In Appendix [A] we discuss rigidification of stacks. Discussion of rigidifi- 
cation has appeared in several places in the literature already, but unfortu- 
nately not in sufficient generality for the applications we have in mind. So 
we treat the most general case here. 

Acknowledgments. We would like to thank Andrew Kresch, Frans Oort 
and Rene Schoof for useful discussions. 

2. Linearly reductive finite group schemes 

Throughout the paper all schemes are assumed to be quasi-separated. 
(Recall that a scheme S is quasi- separated when the diagonal 5 — > 5 x S* is 
quasi-compact.) 

In this section [2] all group schemes will be flat, finite and finitely presented 
over an arbitrary scheme. Such a group scheme G — > 5 will be called 
constant if G is the product of 5 by a finite group. 

2.1. Equivariant sheaves. Let vr: G — > 5 be a group scheme. A G- 
equivariant sheaf on 5" is a sheaf with an action of G. There are (at least) 
four ways of defining an action of G on a quasi-coherent sheaf. 

(a) A quasi-coherent sheaf F on S extends naturally to a functor 

F: (Sch/5)°P — > (Grp). 
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If / : T ^ 5" is a morphism of schemes, then we define F{T) as {f*F)(T); 
each F{T) has the structure of an 0(T)-module. 

Then an action of G on F is an O-hnear action of the functor 

G: (Sch/5)°P — > (Grp) 

on F. In other words, for each T — > 5 we have an action of the group 
G(T) on the 0(T)-module F(T), and this action is functorial in T ^ S*. 

(b) Same as above, but the action of G{T) on F{T) is only defined for flat 
locally finitely presented morphisms T — > S. 

(c) We have a sheaf of commutative Hopf algebras tt^Og on S. Then an 
action of G on a quasi-coherent sheaf F is defined as a coaction F — 
F tt^Og of this sheaf on F. Equivalently, in terms of the dual Hopf 
algebra He = {tt^^OgY ^ the "convolution hyperalgebra of G", it is an 
action F ®YIg ^ F. 

(d) An action of G on F can also be defined as a isomorphism of Oc-modules 
(p: Tr*F ~ iT*F satisfying the cocycle condition 

m*(p = pr^ (/> o pr^ (p: U*F ~ n*F, 

where m: Gx^G^G is the multiplication morphism and 11 : G x 5 G ^ 
S is the structure morphism. 

The connections among these various definitions are as follows. The equiv- 
alence between (jaj) and ([d]) is a particular case of ^3T, Proposition 3.49]. The 
same Proposition, applied to the fibered category whose object are pairs 
(T — > S,F), where T ^ 5" is a flat finitely presented morphism, gives the 
equivalence between (jcj) and ([d]). Finally, assigning a homomorphism of 
Oc-modules (p: ■k*F ~ tt*F is equivalent to assigning a homomorphism of 
Os-modules F — s- ■k^tt*F = F <SiOs '^*^G] and using [32^ Proposition 3.48 
and Proposition 3.49] it is easy to see that 4> satisfies the cocycle condition 
of (jdj) if and only the corresponding homomorphism F ^ F t^*Og is a 
coaction. 

Using any of the definitions above of a G-action, there is an obvious 
definition of an equivariant homomorphism of quasi-coherent sheaves with a 
G-action. We will denote by QCoh(S') the category of quasi-coherent sheaves 
on S, and by QCoh'^(5) the category of G-equivariant quasi-coherent sheaves 
over S. 

When S is locally noetherian, we also denote by Coh(S') and Coh*^(S') the 
categories of coherent sheaves, respectively without and with a G-action. 

The category QCoh'^(5) is also equivalent to the category QCoh(,B5G) of 
quasi-coherent sheaves over the classifying stack BsG. We will define this 
in a way that is slightly different from, but equivalent to, the standard one 
([Ml Definition 13.2.2]). A quasi-coherent sheaf F on BsG of QCoh'^(S') 
associates with each G-torsor P ^ T an 0(T)-module F{P T); also, for 
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each commutative diagram 

(2.1.1) P'^^P 



f 

where the columns are G-torsors and g is G-equivariant, we have a homo- 
morphism F(P — >• T) — > F{P' T') that is hnear with respect to the 
natural ring homomorphism 0{T) — > 0{T'). These data are required to 
satisfy the following conditions. 

(i) Suppose that we are given a G-torsor P — > T. Then we get a presheaf of 
O^-modules Fp^T defined by sending a Zariski-open subscheme U to 
the 0(C/)-module F{P U). We require this to be a quasi-coherent 
sheaf on S. 

(ii) Suppose that we have a commutative diagram like (j2.1.ip . Then we 
get a homomorphism of quasi-coherent sheaves 

Fp^T > f*Fp'^T', 

defined by the given homomorphism 

Fp^t{U) Fp,^T'{r\U)) 
II II 
F{P U) > F{P'\f-.^u) - r\U)) 

for each open subscheme U ^ T. Then the corresponding homomor- 
phism f*Fp^T Fp'—,T' is required to be an isomorphism. 

There is an obvious notion of homomorphism of quasi-coherent sheaves 
on BsG: such a homomorphism : F ^ F' assigns to every G-torsor P ^ T 
a homomorphism of ©(Tj-modules 4>p^tF{P ^ T) — > F'{P — > T), in such 
a way that given any commutative diagram (|2.1.ip . the diagram 

F{P T) > F{P' T') 

F'{P T) > F'{P' T') 

commutes. The category QCoh(;Bs'G) is the category of quasi-coherent 
sheaves on BsG, the arrows being homomorphisms. 

The equivalence between QCoh(;B5G) and QCoh^(5) is as follows. 

Suppose that F is an object of QCoh'^(5). If T is an 5-scheme and P —> T 
is a G-torsor, and h: P — > S is the composite of the given morphisms P ^ T 
and T ^ S, then the pullback h*F is a quasi-coherent sheaf over P with 
a G-action. On the other hand, by descent theory we have an equivalence 
between the category of G-equivariant quasi-coherent sheaves on P and the 
category of quasi-coherent sheaves on T ([32l Theorem 4.46]); we define 
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$(F)p^T to be a quasi-coherent sheaf on T whose puUback to P is isomor- 
phic to h*F a G-equivariant sheaf. It is easy to see the function that sends 
P ^ T into ^{F)p^T has a natural structure of a quasi-coherent sheaf on 
BsG, and that a homomorphism / : F ^ F' of G-equivariant quasi-coherent 
sheaves on S induces a homomorphism (/>{/) : #F of quasi-coherent 

sheaves on BsG. This defines the functor QCoh^(5) ^ QCoh{BsG). 

Let us define the inverse functor ^ : QCoh{BsG) QCoh'^(S'). Given a 
quasi-coherent sheaf F on BsG, we define the quasi-coherent sheaf ^'F on 
5" to be the sheaf Fq-^s associated with the trivial G-torsor G ^ S. For 
each morphism f:T—>-S, the action of G{T) on f*^F is defined as follows: 
an element of G{T) induces an an automorphism of the G-torsor Gt — >■ T, 
which in turns induces an automorphism of Fq^^t — f*^F. It is easy to 
see that * extends naturally to a functor *: QCoh(B5G) QCoh^(S'). 

It is easy to see that the composite is isomorphic to idQQojj<^(5)- 
slightly less trivial to show that is isomorphic to idQ0oh(B5G)- The point 
is the following. Given a quasi-coherent sheaf F on BsG and a G-torsor 
p: P ^ T on an S-scheme f:T^S, the puUback pr2 : P Xr -P — -P of 
P to P has canonical section: this induces a cartesian diagram 

P XtP ^G 



Since the pullback p*Fp^T is isomorphic to Fpxj.p^p, this diagram induces 
an isomorphism of p*Fp^T with p*f*FG^s- This isomorphism is easily 
seen to be Gy-cqui variant; hence it descends to an isomorphism Fp^x — 
PFg^s = {^^)F. 

Suppose that : if ^ G is a homomorphism of group schemes, there are 
two natural additive functors, the restriction functor 

(t>*: QGoh^(S) — > QGoh^(S) 

and the induction functor 

(j)^: QCoh^(5) — ^QCoh^(S). 

The first is evident. The second, 4>* can be defined using functorial actions, 

or using the convolution algebras: (j)^F = F ®H/j H^. It is also useful to 
think about them as follows: cj) induces a morphism of algebraic stacks 

$: BsH — ^BsG 

defined as usual by sending a principal ii-bundle Q ^ T to the principal 
G-bundle {Q Xt Gt)/Ht, the quotient taken with Ht acting via {q,g) ^ 
{qh,h~^g). Then (f)* is pullback of quasi-coherent sheaves along while (f)* 
is pushforward along 

Remark 2.2. A few important points about these functors: 
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(1) The functor (p* is always exact. Indeed, in terms of actions, (j)*F is the 
same sheaf F but with the G action replaced by the action of H through 
(p, and the action does not intervene in exactness. 

(2) If is a subgroup scheme of G, then $ is finite, and in particular affine; 
hence is exact. In this case we denote it by Ind^. 

(3) If we think of the structure morphism vr : G — > as a homomorphism to 
the trivial group scheme and F is a G-equivariant quasi-coherent sheaf 
on S, then we denote tt^F by F'^. This quasi-coherent sheaf F^ is 
naturally embedded in F (by the adjunction map 7r*7r^,F — > F), and is 
called the invariant subsheaf. 

The invariant subsheaf can also be defined directly from any of the 
various definition of an action of G on a quasi-coherent sheaf. For exam- 
ple, if a : F — > F vt^Og is a coaction, then F'^ is the kernel of a — i, 
where l: F ^ F ®Os '^*Og is the trivial coaction, given by s i-^ s (8) 1. 

(4) Suppose : — > G is surjective, with kernel a flat group scheme K. 
For F G QCoh^(5) we have 4>^F = F^ with the induced action of G. 
On the other hand if F S QCoh*^(S') then the adjunction morphism 
F (j)^,(l)*F is an isomorphism, since the action of K on (j)*F is trivial. 
In other words, we have a canonical isomorphism 0^ o (^* ~ id. 

2.3. Linearly reductive group schemes. 

Definition 2.4. A group scheme G — > S is linearly reductive if the functor 
QCoh^(5) ^ QCoh(5) sending F to F^ is exact. 

Proposition 2.5. Assume that S is noetherian. Then G is linearly reductive 
if and only if the functor Coh'^(S') Coh(S') defined as F i— > F*^ is exact. 

Proof. We need to show that given a surjection F — > F' of G-equivariant 
quasi-coherent sheaves on S, the induced morphism F*^ — > F'*^ is also sur- 
jective. Since S is noetherian, every quasi-coherent sheaf with an action of G 
is a direct limit of coherent subsheaves with an action of G (see, e.g. Lemma 
2.1 |31j or [29]). By replacing F' with an arbitrary coherent subsheaf and 
F with its inverse image in F, we may assume that F' is coherent. 

Let {Fj} the inductive system of coherent G-equivariant subsheaves of 
F: since S is noetherian and F' is coherent, there will exists some i such 
that Fj surjects onto F'. Then F[^ —>■ F'^ is surjective, so F*^ — > F'*^ is 
surjective. ^ 

In particular, if /c is a field, the category of coherent sheaves on Spec A; 
with an action of G is equivalent to the category of finite-dimensional repre- 
sentations of G; hence a finite group scheme over a field is linearly reductive 
if and only if the functor V i— >• V'^, from finite-dimensional representations 
of G to vector spaces, is exact. 

Another, perhaps more customary, way to state this condition is to require 
that every finite-dimensional representation of G be a sum of irreducible 
representations. 
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Proposition 2.6. Let S' ^ S be a morphism of schemes, G ^ S a group 
scheme, G' = S' xs G. 

(a) If G ^ S is linearly reductive, then G' — > S' is linearly reductive. 

(b) If G' ^ S' is linearly reductive and S' ^ S is flat and surjective, then 
G ^ S is linearly reductive. 

Proof. Let us prove part ([b]). There is a cartesian diagram 

Bs'G' BsG 



S' — >S 

from which we deduce that the two functors /*vr=K and vr^g* are isomorphic. 
Since / is flat, g is flat as well; also vr^ is exact by assumption, so vr^gi* is 
exact, hence /*vr* is exact. But since / is faithfully flat we have that tt^ is 
exact, as required. 
Now for part (jaj). 

First assume that S' is an afHne open subscheme of S. Then the em- 
bedding j: S' ^ 5 is quasi-compact, since S is quasi-separated: hence 
the pushforward j* takes quasi-coherent sheaves into quasi-coherent sheaves 
([ini I, Corollaire 9.2.2]). It is easy to see that if F' is a G5/-equivariant 
quasi-coherent sheaf on S', the action of Gg' on F' extends to an action of 
G on jifF': if T ^ 5 is a flat morphism and T' is the inverse image of S' in 
T, then G{T') acts on F{T') = j^F{T), and this induces an action of G{T) 
on j^F[T) via the restriction homomorphism G{T) G(T'). Then every 
exact sequence 

O^Fi^Fi^F^^O 
of G-equivariant quasi-coherent sheaves on S' extends to an exact sequence 

— > Fi — > F2 — > F3 — >0 

of G-equivariant quasi-coherent sheaves on S: we take Fi = j^F[ and 
F2 = j*F2, while F3 is defined to be the image of j*F2 in j'^fFg. Since taking 
invariants commutes with restriction to open subschemes, the result follows. 

If {Si} is an open covering of S by affines, and each restriction Gsi is 
linearly reductive over Si, then the disjoint union UjG^^ is linearly reductive 
over UiSi] we conclude from part ([b]) that G is linearly reductive over S. 
Hence being linearly reductive is a local property in the Zariski topology. 
So to prove part (|aj) it suffices to show that when 5 and S' are both affine 
the functor QCoh'^'(5') QCoh(5') is exact. 

Then g is also affine, so the functor g^: QCoh*^ (5') — > QCoh'^(5') is 
exact. By assumption vr* is exact, therefore Tr*^* = /*7r^ is exact. But the 
functor /* has the property that a sequence Fi ^ F2 — > F3 is exact if and 
only if ^ f^F2 ^ f*F^ is exact. It follows that ir'^ is exact, as required. 

4 
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Proposition 2.7. The class of linearly reductive group schemes is closed 
under taking 

(a) subgroup schemes, 

(b) quotients, and 

(c) extensions. 

Proof. For part consider a subgroup scheme G' C G and the resulting 
commutative diagram 

BsG' BsG 




1TG 



s. 



It is enough to observe that i* = Ind^, is exact (Remark l2.2l (p])). Since t^g* 
is exact by assumption, and since -kq' * ^ ttg * ° i* part (|aj) follows. 
For parts (jb]) and (|cj), consider an exact sequence 

G' ^G^ G" 



l^G' ^G 
and the corresponding commutative diagram 



1 



BsG' BsG BsG" 




To prove part (jb]), suppose that G is linearly reductive, so ttg* is exact. 
Recall that j* is exact and o j* is isomorphic to the identity, so 



TTG" 



T^G"*°J*°J -vrG*oj 



is exact, as required. 

For part ((cj), we have by assumption that ttg' * and ttg" * are exact. Con- 
sider the cartesian diagram 



BsG' 



S- 



-^BsG 



^BsG". 



The formation of commutes with flat base change on BsG" and 5 BsG" 
is faithfully flat. Thus to verify that j=K is exact it suffices to show that ttg'* 
is exact, which holds since G' is assumed linearly reductive. Therefore j=K is 
exact (concretely, taking invariants of a G sheaf by G' is exact even if when 
consider the induced G"-action). So 

TTG * = TTG" * ° j* 



is exact, as required. 
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2.8. Classifying linearly reductive group schemes. We will say that a 
finite group scheme A ^ S" is diagonalizable if it is abelian and its Cartier 
dual is constant. The standard definition only requires the Cartier dual to 
be constant on the connected components of S, (see |9i Expose VII]), but 
the distinction is of little importance to us. We say that A — S is locally 
diagonalizable if its Cartier dual is etale. 

Given a finite group scheme A — > S", the following conditions are clearly 
equivalent. 

(a) A is locally diagonalizable. 

(b) Locally in the etale topology, A is diagonalizable. 

(c) Locally in the fppf topology, A is diagonalizable. 

(d) Locally in the fpqc topology, A is diagonalizable. 

A finite etale group scheme H ^ S is said to be tame if its degree is 
prime to all residue characteristics. 

Definition 2.9. A group scheme vr: G ^ S is well-split if it is isomorphic 
to a semidirect product H t< A, where H is constant and tame and A is 
diagonalizable. 

It is locally well-split if there is an fpqc cover {Si — > S}, such that the 
group scheme Si x s G ^ Si is well-split for each i. 

In characteristic every finite fiat group scheme is etale and tame, hence 
locally constant, hence locally well-split. 

Proposition 2.10. Every locally well-split group scheme is linearly reduc- 
tive. 

Proof. By Proposition 12.61 it suffices to consider well-split group schemes. 

The Proposition holds for such group schemes by Proposition 12.71 (jcj), as 
it holds for diagonalizable group schemes (see [9i Expose VII]), and tame 
constant group schemes (by Maschke's Lemma). ^ 

Lemma 2.11. Let G be a locally well-split group scheme over a field k, let 
Aq be the connected component of the identity, and H = G/Aq. 

(a) The group scheme Aq is locally diagonalizable, and H is etale and tame. 

(b) There exists a finite purely inseparable extension k' of k, such that Gy 
is a semidirect product Hy k Aq^'. In particular, if k is perfect, then G 
is a semidirect product H x Aq. 

(c) There exists a finite extension k' of k such that Gy is well-split. In 
particular, if k is algebraically closed, then G is well-split. 

Proof. For part ((aj), we may prove the statement after extending the base 
field, so we may assume that G is well-split (note that since Aq is a connected 
scheme with a fe-rational point, Aq ®k k' is connected for any field extension 
k k'). Then G contains a locally diagonalizable subgroup A such that 
G/A is etale; hence Aq coincides with the connected component in A; hence 
it is diagonalizable, and the quotient H = G/Aq is etale and tame. 
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For part (jb]), there is a finite purely inseparable extension k' of k such 
that (Gfc/) red is smooth over k' . Then {Gk')red is a subgroup scheme of G, 
and it maps isomorphically to Hki. 

For part ((cj), because of part ([bj) we may assume that G is of the form 
H K Aq, where H is etale and tame and Aq is locally diagonalizable. After 
passing to a finite separable extension of k, the group scheme Aq becomes 
diagonalizable and H becomes constant. ^ 

Remark 2.12. In general, if k is not perfect a non-trivial extension is 
necessary to obtain the splitting. For example suppose k = ko^a), where a 
is an indeterminate and k of characteristic p > 2. Consider the semidirect 
product F =^ C2 X Atp over k, where C2 is a cyclic group of order 2, whose 
generator s acts on fip as s ■ t = t~^. Conjugation gives a right action of fip 
on F; given the Kummer extension k' = k[t]/ {t^ — a), take the quotient G of 
F XfcSpec k' by the diagonal action of /ip. A simple calculation shows that fXp 
acts on the connected component sfip of F by the formula y^^{sx)y = sy^x. 

Note that since the conjugation action of ^ip on F is by group homomor- 
phisms, the diagonal action of Hp on F Xspec k Spec k' defines descent data for 
the group scheme F Xspecfc Spec/c' over Spec A;', and therefore the quotient 
G has a group scheme structure. This group scheme G contains /^^ as the 
connected component of the identity, and Gj^p is isomorphic to C2, but 
the other connected component is a copy of Spec A;[t]/(tP — whence the 
sequence is not split. 

Proposition 2.13. Let k be a field, G — > Spec/c a finite group scheme. 
Then G is linearly reductive if and only if it is locally well-split. 

Proof. Let k be the algebraic closure of k; then by Proposition 12 . 61 the group 
scheme G^ is linearly reductive (respectively locally well-split) if and only 
if G is linearly reductive (respectively locally well-split); so we may assume 
that k is algebraically closed. We know that locally well-split groups are 
linearly reductive, so assume that G is linearly reductive. Denote by p the 
characteristic of k. 

Let Go be the connected component of the identity in G. Then G/Gq is 
a linearly reductive constant group. If it were not tame it would contain a 
subgroup of order p, which is not linearly reductive. So we may assume that 
G is connected, and show that it is diagonalizable. 

The following lemma may be known to the experts, but we have not found 
a reference. 

Lemma 2.14. // a connected finite group scheme G over an algebraically 
closed field contains a diagonalizable normal subgroup H, and G/H is again 
diagonalizable, then G is also diagonalizable. 

Proof. If we show that G is abelian, then it is diagonalizable: its Cartier dual 
is an extension with a constant quotient and a constant subgroup, which is 
therefore a constant group scheme, because the base field is algebraically 
closed. 
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The action by conjugation of G on defines a homomorphism of group 
schemes G —)■ AutQj._g^Yi/k{H) = AlitGr-Sch/fc(-^^)> where H''^ is the Cartier 
dual of H; but the domain is local, while the target is constant, so this 
homomorphism is trivial. Equivalently, H is central in G. 

Let ^ be a commutative /c-algebra. The groups H(A) and G{A)/H{A) 
are commutative, hence, by "calculus of commutators" (see Section 6, 
in particular Lemma 6.1), we have a bilinear map 

G{A) X GiA) — > H{A) 
{x,y) [x,y] 

This is functorial in A, therefore the commutator gives a bilinear map G x 
G ^ H, and since H is central this gives a bilinear map Q x Q ^ H, 
where we have set Q = G/H. In particular we get a map of sheaves Q — > 
2o™.Grp-Sch/fc(Q> -f^)> where both source and target are representable. But 
again the domain is local and the target is etale, hence Q is mapped to the 
trivial map, in other words the commutator QxQ ^ H maps to the identity 
in H. This means that the commutator is trivial, hence G is abelian. ^ 

So we may proceed by induction on the dimension of the vector space 
H'^(G, Og), and assume that G does not contain any nontrivial normal sub- 
group schemes. In particular, the Frobenius kernel Gi of G is a normal 
subgroup scheme of G, which does not coincide with the identity, unless G 
is trivial: so we have that G = Gi. In [22], p. 139 one says that G has 
height 1. Connected group schemes of height 1 are classified by their p-hie 
algebras (see, e.g., [22], p. 139). 

Lemma 2.15 (Jacobson [15], Chapter 5, Exercise 14, p. 196). Let G be a 

non- abelian group scheme of height 1. Then G contains cxp, and hence is 
not linearly reductive. 

Proof. Considering the p-lie algebra g of G, we need to find an element 
G g such that w'^ = 0. Since g is finite dimensional, for each u G g there 
is a minimal n such that , , . . . } is linearly dependent, giving a 
monic p-polynomial 

/4x) = xP" + a(r2,x^'"-^ + ... + ai'')x 
such that fv{v) = 0. 

(v) 

Note that if Oq = then the nonzero element 

^ fyp{v) = yp"-' + {a^:l,)ypvp"-' +•••+ (aS"V/p^ 

(v) 

satisfies = 0. So, arguing by contradiction, we may assume that Oq 7^ 
for all nonzero v, i.e. is separable. Since the minimal polynomial of ad{v) 
divides we have that ad{v) is semisimple for every nonzero v. 

Since g is assumed non-commutative, there is v with ad(t') 7^ 0, hence it 
has a nonzero eigenvector v' with nonzero eigenvalue. But then the action of 
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ad{v') on Spaii(T;, v') is nonzero and nilpotent, contradicting semisimplicity. 

Back to the proposition, we deduce that G is abelian. Every subgroup 
scheme is normal, so G cannot contain any proper subgroup scheme. But 
by Cartier duahty the only local abelian group schemes with this property 
are otp and fXp] and again dp is not linearly reductive. Hence G = /Xp, and 
we are done. ^ 

This completes our analysis for the case of group schemes over fields. To 
handle the general case we need the following fact. 

Lemma 2.16. Let G ^ S be a finite flat group scheme of finite presentation. 
Assume that there is a point s = SpecA;(s) € S such that the fiber Gg — > 
SpecA;(s) is locally well-split. Then there exists a flat quasi-finite map U — > 
S of finite presentation, whose image includes s, such that Gjj is well-split. 

In particular, let V be the image of U in S, which is open; then the 
restriction Gy V is locally well-split. 

Proof. By standard arguments, we may assume that S is connected, affine 
and of finite type over Z. By Lemma 12.111 there is a finite extension 
k of k{s) such that Gk is of the form H x Aq, where Aq is a connected 
diagonalizable group scheme and H \s a. constant group scheme, associated 
with a finite group F. After base change by a quasi-finite flat morphism over 
S, we may assume that k{s) = k. The group scheme Aq extends uniquely to 
a diagonalizable group scheme Aq on S, that we still denote by Aq. Also, we 
denote again by H the group scheme over S associated with F; the action of 
H on Aq, which is defined over s, extends uniquely to an action of H on Aq. 
Set G' = H K Aq. We claim that G and G' become isomorphic after passing 
to a flat morphism of finite type U ^ S, whose image includes s. We use the 
following lemma, which shows that after passing to an etale neighborhood 
of s in there exists a (G, G')-bitorsor I ^ S. Given such a bitorsor, we 
have that G is the group scheme of automorphisms of / as a G'-torsor, and 
is thus the twisted form of G' coming from / and from the homomorphism 
G' — > Aut(G') given by conjugation; so if / — > has a section, G and G' 
are isomorphic. Hence the pullbacks of G and G' to / are isomorphic, and 
/ — >■ 5 is fiat and quasi-finite. This completes the proof. ^ 

Lemma 2.17. Let G — > S" and G' ^ S be two group schemes over S, and 
let s G S be a point such that the fibers Gg and G'g are linearly reductive and 
isomorphic. Then there exists an etale neighborhood s ^ U ^ S of s in S 
and a {Gu, G'jj) -bitorsor I ^ U. 

Proof. We can pass to the henselization R of the local ring Os,si and assume 
that S = Spec-R and that s is the closed point of S. Call m the maximal 
ideal of R and set Rn = -R/m""'"^ and 5„ == Spec-R„. We will show that 
there exist a sequence of (G, G')-bitorsors In — »■ Sn, such that the restriction 
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of each /„ to Sn-i is isomorphic to In~i', then the result fohows from Artin's 
approximation theorem. 

We present two methods of proof, one abstract and one more expUcit. 
Both use deformation theory. 

Method 1: rigidity using the cotangent complex. 

By [El Remarque 1.6.7], a (G, G')-bitorsor /„ 5„ is the same as an 
equivalence of fibered categories pn ■ 13s„Gs„ — 13s„G'g^. We inductively 
construct a compatible system of such isomorphisms. So suppose pn has 
been constructed. We then wish to find a dotted arrow filling in the diagram 

(2.17.1) Bs^Gn^ yBs^^,Gn+i 

1 \ Pn+1 

^S^G'^^ > Bs^j^fi'nj^X- 

Note that any such morphism pn+\ is automatically an isomorphism since 
Gn+i and Gj^+i are flat over Let L^g^ € ^cdhiPsGs) denote the 

cotangent complex of BGg over s as defined in [20] (and corrected in [23]). 

Lemma 2.18. We have L^g. G ^^h (CbgJ 

Proof. Consider the map p : s ^ BGs corresponding to the trivial torsor. 
The map p is faithfully flat so it suffices to show that p*LgG'^ has cohomology 
concentrated in degrees and 1. From the distinguished triangle 

and the fact that L^/g = 0, we see that p*IjqGs — '^s/BGs[~M- Therefore it 
suffices to show that I^s/BGs concentrated in degrees —1 and 0. Consider 
the cartesian diagram 

Si — —G, 

p 

BG,^^ 



Since q is faithfully flat it then suffices to show that 

Q*^s/BGs - ^Gs/s 

is concentrated in degrees —1 and 0. This follows from the fact that Gs is 
a local complete intersection (this can be seen for example from I2.1"3|) . and 
[11111.3.2.6]. 4 

Since s is the spectrum of a field any coherent sheaf on BGg is locally 
free, and therefore for any coherent sheaf J- on BGs we have 

n-HomiLsGs,^) ^ d[-2'''\ObGs)- 
Since the global section functor is exact on the category Goh{OBGs) (since 
Gg is linearly reductive) we obtain that 

Ext^(LBG.,-^) = 0, fori/ -1,0. 
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By [Ml 1-5], the obstruction to finding the arrow Pn+i hlhng in l2.17.11 is 
a class in the group 

Exti(LBG.,m"+Vm"+2 ^^^^^ QbgJ 

which by the above is zero. It follows that there exists an arrow pn+i filling 
in 12. 17.11 

Method 2: lifting using Lie algebras. 
Set Gn = Gs„ and G'^ = G'^^. 

Let us start from the tautological Go-torsor s = 5*0 — > Bs^Gq, which we 
think of as a G'-torsor via an isomorphism Go — Gg. Our aim now is to 
construct a sequence of G'-torsors Pn Bs„ Gn , such that the restriction of 
each Pn to Sn-i is isomorphic to the G'-torsor Pn-i —>■ Bs„^iGn-i- 

The Lie algebra g of Go = Gq is a representation of Go, corresponding 
to a coherent sheaf on BsqGq. It is well known that the obstruction to 
extending Pn-i — > Bs„_iGn-i to a G'-torsor lies in the sheaf cohomology 
H^(jS5'qGo, (m"'/m"'"'"^) g); and this coincides with the cohomology of Go 
in the representation (m"/m"+^) (S> g, which is 0, because Go is linearly 
reductive. 

Each G'-torsor P„ — > Bs„Gn yields a (G, G')-bitorsor 

where the morphism 5„ — Bs„Gn is the one given by the trivial torsor 
Gn Sn- So we obtain the desired sequence of bitorsors. 4 

Here is our main result on linearly reductive group schemes. 

Theorem 2.19. Let G ^ S be a finite flat group scheme of finite presen- 
tation. The following conditions are equivalent. 

(a) G — > S" is linearly reductive. 

(b) G — > 5 is locally well-split. 

(c) The fibers of G ^ S are linearly reductive. 

(d) The geometric fibers of G ^ S are well-split. 

Furthermore, if S is noetherian these conditions are equivalent to either 
of the following two conditions. 

(e) The closed fibers of G ^ S are linearly reductive. 

(f) The geometric closed fibers of G ^ S are well- split. 

Proof. This follows from Proposition l2.13l Lemma [2.11l and Lemma [2.161 ^ 

For later use we prove the following. 

Lemma 2.20. Let G — > Speci? be a linearly reductive group scheme, where 
R is a henselian local ring. Then there exists a locally diagonalizable normal 
subgroup A of G such that G/A is etale and tame. 

If R is strictly henselian, then A is diagonalizable and G/A is constant. 
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Proof. We may assume that R is the hensehzation of a scheme of finite type 
over Z at a point. Set S = Spec R, and let m and k be the maximal ideal and 
the residue field of R. Let Aq be the connected component of the identity 
in Gk] by Lemma 12.111 ((aj), it is locally diagonalizable. Then we claim that 
there exists a unique closed subscheme A C G, flat over S, whose restriction 
to Gk coincides with Aq. If R is artinian then G and Gk are homeomorphic, 
and A is simply the connected component of the identity in G, which is 
automatically flat. In general, call A„ the connected component of the 
identity in Gs„, where Sn = Spec R/m'^'^^ . If A is such a subscheme of G, 
we have A fi A„ = A„ for each n; hence A is unique. Artin's approximation 
theorem, applied to the functor that sends each i?-algebra A into the set of 
subschemes of Ga that are flat over A, ensures the existence of such a A. 

Now we need to show that it is a subgroup scheme, which is equivalent to 
showing that it is closed under multiplication and inverses. Let m: GxG ^ 
G be the multiplication map; m~^(A) n {Gs„ x Gs„) contains (A x A) n 
(G X G)s„ = A„ X An for each n, because A„ is a subgroup scheme of Gs^] 
hence A x A C m~^(A) as required. The argument for inverses is similar. 

The group scheme of automorphisms of A„ over Sn is unramified, since 
its closed fiber is etale. It follows that the image of A„ in its automorphism 
group scheme is trivial, hence A„ is abelian. 

It is easy to see that each A„ is locally diagonalizable, by looking at 
Cartier duals, and that G„/A„ is tame and etale. From this it follows that 
A is locally diagonalizable and G/A is tame and etale. 

The last statement follows from the fact that any etale cover of the spec- 
trum of a strictly henselian ring is trivial. ^ 

2.21. A remark on group cohomology. The following is a completely 
elementary fact, which we explain for lack of a suitable reference. 
Let 

1 — >A — >E — >G — >1 

be an extension of groups, with A abelian. Consider the induced action of 
G on ^ by conjugation. Conjugation by an element of A gives an automor- 
phism of E, which induces the identity on both A and G. 

If (p: E ^ E is another such automorphism, we can consider the function 
E ^ A defined by u i— > (/>(ti)n~^; this descends to a function ip: G ^ A, 
linked with cp by the formula (j){u) = ^{[u])u, where [u] E G denotes the 
image of u. It is easy to see that is a crossed homomorphism, and that 
sending cp into ip gives an isomorphism of the group of automorphisms of E 
that induce the identity on A and on G with the group Z^{G,A) of crossed 
homomorphisms. It is also easy to see that (p is given by conjugation by an 
element of A if and only if the crossed homomorphism is a boundary. Hence 
if H.^{G,A) = the only such automorphisms are obtained by conjugating 
by elements of A. 
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2.22. Etale local liftings of linearly reductive group schemes. We 

will need the following result. 

Proposition 2.23. Let S be a scheme, p £ S a point, Gq ^ p a linearly 
reductive group scheme. There exists an etale morphism U ^ S, with a 
point q (z U mapping to p, and a linearly reductive group scheme T ^ U 
whose restriction Tq ^ q is isomorphic to the pullhack of Gq to q. 

Let us start with a lemma. Let A; be a field, G — > Spec k a well-split group 
scheme. Let A be the connected component of the identity of G, H = G/A. 
Call Autfc(G) the group scheme representing the functor of automorphisms of 
G as a group scheme: there is a homomorphism A Ant ^(G) sending each 
section of A into the corresponding inner automorphism of G; this induces 
an embedding A/A^ C Aut ^(G), where A^ denotes the ff-invariants of A. 

Lemma 2.24. The connected component of the identity o/Aut^(G) is A/A^. 

Proof. Since A is a characteristic subgroup scheme of G, each automorphism 
of Ga — Spec^, where ^ is a A;-algebra, preserves A^. Hence we get 
homomorphisms of group schemes Aut ^fC) — > Aut ^(A) and Aut ^(G) 
Aut f^(H) , inducing a homomorphism 

Autfc(G) ^ Autfe(A) X Autfc(i/); 

the kernel of this homomorphism contains A/A^. Let us denote by E this 
kernel; since Aut ^j^fA) x Aut ^(ff) is etale over Speck, it is enough to prove 
that E coincides with A/A^. 

To do this, we may pass to the algebraic closure of k, and assume that 
k is algebraically closed; then it is enough to prove that given a A;-algebra 
A, for any element a E E{A) there exists a faithfully flat extension A C. A' 
such that the image of a in E{A') comes from {A/ A^){A'). 

By passing to a faithfully flat extension, we may assume that G{B) — > 
H{B) is surjective for any ^-algebra B (because H is constant), so we have 
an exact sequence 

1 — > A{B) — > G{B) — > H{B) — > I. 

Furthermore, again because H is constant, for any ^-algebra B we have 

A"{B) = A{B)"^^^- 

hence for any B we have an injective homomorphism 

A{B)/A{B f^^^ {A/A^){B). 

Let us show that a comes from [A/ A^){A). 

Set B = T{Ga,0), so that Ga = SpecB Spec^. Then it is easy to 
see that the natural restriction homomorphism Aut^(GA) Aut(G(B)) 
is injective. The group A(B) has an order that is a power of the char- 
acteristic of k, while the order of H{B) is prime to the characteristic; so 
B^{H{B),A{B)) = 0. By the discussion in[22I]there exists an element 5b 
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of A(i3) whose image in Aut(G(i?)) (the automorphism given by conjuga- 
tion hy 6b) coincides with the image of a. 

Call 6b the image of 6b in {A/ A^){B). We claim that 6b is the image 
of an element 6 of (A/A^)(^); then the image of 6 in E{A) must be a, 
because AutA(GA) injects into Aut(G(i?)). 

To prove this, since (A/A^)(^) is the equalizer of the two natural maps 
(A/A^)(B) z4 {A/A"){B(^AB),it is enough to show that the two images of 
6b in {A/ A"){B®aB) coincide. The two images of 6b in Aut(G(S x^5)) 
are equal; since A{B B)/A{B xa B)^^^^^^') injects into Aut(G(5 
-B)) , this implies that the two images oi6B into A(B x coincide. 
The images of these via the natural injective homomorphism 

A{B xaB)/A{B xaB)^^^""^^^ {A/A^){B xaB) 

are the two images oi 6b, and this completes the proof. 4ft 

Proof of Proposition \2. 23[ Let k{p) be the algebraic closure of A;(p); the pull- 
back G-^^ is well-split, that is, it is a semi-direct product H-^^ x A^^^, 
where is etale, hence a constant group, and A^^ is connected and di- 

agonalizable. This is the pullback of a group scheme F = x A — > 5, where 
H is constant and A is diagonalizable; passing to a Zariski open neighbor- 
hood of the image of p in S, we may assume that H is tame, so T is well 
split. The group scheme Gq is a twisted form of the fiber Tp. So we need 
to show that every twisted form of Tp ^ S* on a point p € S extends to an 
etale neighborhood of p. This twisted form is classified by an element of the 
non-abelian cohomology group Hjppf (p, Aut ^.(r)) . Let us set A' = A/A^. 
The quotient Aut ^(r)/Ap is etale, by Lemma [2. 24 [ hence the image of this 
element in 

Hjppf (p, Aut,(r)/A;) = Hit(p, Aut,(r)/A;) 

is killed after passing to a finite separable extension of k{p). Any such 
extension is of the form k{q), where U ^ S is an etale map and q\s a, point 
on U mapping on p. We can substitute S with [/, and assume that the 
image of our element of Hfppf (p, Aut ^(r)) in Hjppf (p, Aut ^(r) /Ap') is trivial. 
We have an exact sequence of pointed sets 

Hjppf(p,A;) ^Hjppf(p,Aut,(r)) ^Hippf(p,Autfc(r)/A;); 

so our element comes from H£pp£(p, Ap). Since A' is diagonalizable, it is 
enough to prove that every element of Hjppf (p, /x„) comes from H£pp£(S', 
after restricting S in the Zariski topology. 

By Kummer theory, every /x„-torsor over k[p) is of the form 

SpecA;(p)[t]/(r -a) — > Speck{p) 

for some a G k{p)* , with the obvious action of /x„ on Spec k{p)[t]/{t^ — a). 
After passing to a Zariski neighborhood of p € S, we may assume that a is 
the restriction of a section / € 0*{S). Then the /i^-torsor Spec^ — 



18 



ABRAMOVICH, OLSSON, AND VISTOLI 



f) ^ S restricts to Spec k{p)[t]/ {t"' — a) —> Speck{p), and this completes 
the proof. 4^ 

3. Tame stacks 

Let be a scheme, A4 ^ S a locahy finitely presented algebraic stack 
over S. We denote by Z ^ the inertia group stack; we will always assume 
that X — > is finite (and we say that Ai has finite inertia). If T — > S is a 
morphism, and ^ is an object of A4{T), then the group scheme Aut y(£) — > T 
is the pullback of X along the morphism T ^ A4 corresponding to ^. 

Under this hypothesis, it follows from [16] that there exists a moduli space 
p: M ^ M; the morphism p is proper. 

Definition 3.1. The stack A4 is tame if the functor p^,: QCohA^ — > 
QCohM is exact. 

When G — > 5 is a finite flat group scheme, then the moduli space of 
BsG —f S is S itself; so BsG is tame if and only if G is linearly reductive. 

Theorem 3.2. The following conditions are equivalent. 

(a) A4 is tame. 

(b) Ifk is an algebraically closed field with a morphism Spec — > 5 and ^ is 
an object ofAi{Speck), then the automorphism group scheme Aut ^ff ) 
Spec/c is linearly reductive. 

(c) There exists an fppf cover M' M , a linearly reductive group scheme 
G M' acting an a finite and finitely presented scheme U — > M' , 
together with an isomorphism 

M xmM' ~ [U/G] 

of algebraic stacks over M' . 

(d) Same as ((cjj, but M' M is assumed to be etale and surjective. 

Corollary 3.3. Let Ai be a tame stack over a scheme S and let M. ^ M 

be its moduli space. 

(a) // M' M is a morphism of algebraic spaces, then the moduli space of 
M' xm M is M'. 

(b) If Ai is flat over S then M is also flat over S. 

Proof. This corollary is proved by standard arguments as follows. 

Formation of moduli spaces commutes with flat base change; furthermore, 
if Ai is an algebraic stack locally of finite presentation with finite diagonal, 
^ M is a morphism into an algebraic space, and {Mi — > M} is an fppf 
cover, then M is the moduli space of A4 if and only if for each i the algebraic 
space Mi is the moduli space of Mi Xm Ai- 

Hence by Theorem 13.21 we may assume that S = SpecR and M = Specj4 
are affine, and that Ai is of the form [U/G], where G is a linearly reductive 
group scheme. Then U is finite over M = U/G, so it is affine: write U = 
SpecB. Then the group scheme G acts on the A-algebra B, and A = B^ . 
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Let N be an i?-module; then there is a natural action of G on B, 
obtained from the action of G on i?. There is a natural homomorphism 

CS)R A ^ N CS)R B, which is G-equivariant, when letting G act trivially on 
N A. We claim that the induced homomorphism 

N(^rA — > {N(^RBf 

is an isomorphism. This is obvious when N is free, because in this case 
N (^R B is a direct sum of copies of B, with G acting separately on each 
copy. In general, let Fi — > Fq — > iV — > be a free presentation of A^. We 
have a commutative diagram 

Fi ^R A > Fq ^r a > N ^rA > 



(Fi ®R Bf > (Fo (^R Bf y {N ®R Bf > 

in which both rows are exact (the second one because G is linearly reductive). 
The first two columns are isomorphisms, hence so is the third. 

Part (jaj) follows easily from this. We need to check that if M' M is 
a morphism, the projection M' x a/ — > M' makes M' into the moduli 
space or M' Xm -M.- We may assume that M' = Spec A' is afRne, and that 
S = M, so that R = M; then the statement follows from the fact the natural 
homomorphism A' = A' (iSiA A {A' (^a B)^ is an isomorphism. 

Part ([bl) is also easy. Assume that B is flat over R. The isomorphism 
A^ (^R A ~ (A^ B)^ is functorial in the i?-module A^, and both tensoring 
with B and taking invariants give exact functors. l|k 

Corollary 3.4. If M ^ S tame and S' ^ S is a morphism of schemes, 
then S' xs M is a tame stack over S' . 

Corollary 3.5. The stack — > 5 tame if and only if for any morphism 
Speck — > S, where k is an algebraically closed field, the geometric fiber 
Spec A; xs ^A is tame. 

Proof of Theorem \3.2l It is obvious that ([d]) implies (jcj) . It is straightforward 
to see that (jcj) implies both (jaj) and (|b]). 

Let us check that (jaj) implies ([b]). Let Spec A; — s- be the morphism 
corresponding to the object ^ of Al(Specfc); set G = Autj!j(^). Call Aio the 
pullback Spec kxM-M; this admits a section Spec k ^ Aio, and the residual 
gerbe of this section, which is a closed substack of Mo, is isomorphic to BkG. 
So we get a commutative (non cartesian) diagram 

P' p 

/ " 
Spec A; )■ M 
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whose rows are affine. Hence we have that g^: : QCoh{BkG) — > QCoh(7W) is 
an exact functor, while /)* : QCoh(A^) — > QCoh(M) is exact by definition. 
Also we have an equality of functors = /9*fi'*; hence, if 

— >Vi — >V2 — >V3 — ^ 

is an exact sequence of representations of G, considered as an exact sequence 
of quasi-coherent sheaves on BkG, we have that the sequence 

is exact; and this implies that 

— >Vf — > — >Vf — >0 

is exact. Hence G is linearly reductive, as claimed. 

Now let us prove that ([b]) implies ([d]). In fact, we will prove a stronger 
version of this implication. 

Proposition 3.6. Let Ai ^ S be a locally finitely presented algebraic stack 
with finite inertia and moduli space p: Ai ^ M. Let k be a field with a 
morphism Spec/c — >• S, and let ^ be an object of A4{Speck); assume that the 
automorphism group scheme Aut ^(£) Spec/c is linearly reductive. Denote 
by p € M the image of the composite Spec/c A4 ^ M . Then there exists 
an etale morphism U ^ M having p in its image, a linearly reductive group 
scheme G ^ U acting on a finite scheme V ^ U of finite presentation, and 
an isomorphism [V/G] ~ [/ X5 of algebraic stacks over U . 

Thus, if has an object over a field with linearly reductive automorphism 
group, then there is an open tame substack of A4 (the image of U) containing 
this object. 

Proof. The proof is divided into three steps. 

We may assume that M is affine and of finite type over Z. 

The case k = k{p). We start by assuming that the residue field k(p) 
of p G M equals k. After passing to an etale cover of M, we may also 
assume that Aut ;,(£) extends to a linearly reductive group scheme G ^ M 
(Proposition [223]). 

By standard limit arguments we may assume that M is the spectrum of 
a local henselian ring R with residue field k. The result follows once we 
have shown that there is a representable morphism A4 — s- BmG of algebraic 
stacks, equivalently, a G-torsor P — > 7W in which the total space is an 
algebraic space. 

Let us denote by Mq the residual gerbe Bk Aut ;,(£) = BkGp] this is a 
closed substack of M., having Spec A; as its moduli space. This closed sub- 
stack gives a sheaf of ideals I C Om] we denote by Ain the closed substack 
of Ai whose sheaf of ideals is T""*"^. Denote by g the Lie algebra of Aut j^(£). 
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The obstruction to extending a G-torsor Pn-i — > -Mn-i to a G-torsor 
Pn ^ Mn lies in 

R^{Mo, ® 0) = H2(Gp, (2:7J"+i) ^ 0) 

= 0; 

Alternatively, in terms of the cotangent complex, the obstruction lies in 
Ext^(Lg*LB^Gp,2:"/T"+^) = 0, where g : Mo BmG is the morphism 
defined by Pq. 

Hence we can construct a sequence of G-torsors P„ Mn, such that the 
restriction of P„, to Pn-i is isomorphic to Pn-i, and such that the torsor 
Pq — > ^Ao has Spec k as its total space. 

Let m be the maximal ideal of R, and set M„ = Speci?/m'^"^^. The 
systems of ideals {X"} and m^O^n are cofinal; hence we get a sequence of 
G-torsors Qn — > Mn xm -M, such that the restriction of Qn to Qn-i is 
isomorphic to Qn-i, and such that the restriction of Qq to A^o has Speck 
as its total space. We can define a functor from i?-algebras to sets that 
sends each i?-algebra A to the set of isomorphism classes of G-torsors on 
the stack Ma- This functor is easily checked to be limit-preserving (for 
example, by using a presentation of A4 and descent for G-torsors). So we 
can apply Artin's approximation theorem, and conclude that there exists a 
G-torsor on A4, whose restriction to Mq has Spec/c as its total space. 

The total space V is an algebraic stack with finite inertia; furthermore, 
the inverse image of A4o in V is isomorphic to Spec/c. The locus where the 
inertia stack T-p V has fiber of length larger than 1 is a closed substack of 
V, whose image in M = Speci? is a closed subscheme that does not contain 
p; hence this locus is empty. So V is an algebraic space (in fact an affine 
scheme); and this concludes the proof of the first case. 

Obtaining a flat morphism and proof of part ([c]). Now we prove 
a weaker version of the Proposition, with the same statement, except that 
the morphism U ^ M \s only supposed to be flat and finitely presented, 
instead of etale. This is sufficient to prove that part Q holds. 

By passing to the algebraic closure of k we may assume that k is alge- 
braically closed. 

We claim that there exists a finite extension k' of the residue field k{p) 
contained in A;, such that the object ^ is defined over k' . In fact, it follows 
from the definition of moduli space that there exists an object r] of Spec k{p) 
whose pullback to Spec k is isomorphic to ^. This rj gives an object of the 
algebraic stack Spec/c(p) Xm -M. over Specfc(p), which is finitely presented 
over Spec A; (p), and any such object is defined over a finite extension k' of 
k{p). Hence we may assume that A; is a finite extension of k{p). 

There is a flat morphism of finite presentation M' — > M, with a point 
q mapping to p, such that k{q) = k [TOl 0///.10.3]; hence, by applying 
the first step to M' x^ -M.-, there is an etale morphism U — > M' containing 
q in its image, such that U xm M. has the required quotient form. 



22 



ABRAMOVICH, OLSSON, AND VISTOLI 



The conclusion. The argument of the proof of the previous case shows 
that to conclude we only need the following fact. 

Proposition 3.7. Let M. ^ S he a tame stack with moduli space p: A4 ^ 
M , k a field. Given a morphism Spec k — > M , there exists a finite separable 
extension k <^ k' and a lifting Spec A;' ^ M of the composite Spec/c' — > 
Spec A; M. 

Proof. We are going to need some preliminaries. 

Suppose that X and y are algebraic stacks over a scheme S; consider 
the stack Hom ^fAf , y) whose sections over an S'-scheme T are morphisms of 
T-stacks Xt 3^t (see ^24])- We will denote by Hom gPfA', 3^) the substack 
whose sections are representable morphisms 3^t- 

Lemma 3.8. Let G and H he finite and finitely presented flat group schemes 
over a locally noetherian scheme S. Then the stacks Homg (B s G, BsH) and 
Homg^{BsG, BsH) are finitely presented over S. 

Proof. By standard arguments, we may assume that 5 is affine and finitely 
generated over Z. 

Consider the fppf sheaf Hom y(G, H) whose sections over an 5-scheme T 
are homomorphism of group schemes Gt Ht- This is a locally closed 
subscheme of the Hilbert scheme of G xg H over S, hence it is of finite type. 
Furthermore, consider the subsheaf Horn™-' (G, H) consisting of universally 
injective homomorphisms Gt Ht (a homomorphism is universally injec- 
tive if it is injective as a homomorphism of sheaves in the fppf topology, and 
it stays such after arbitrary base change on T). We claim that the embed- 
ding Hom 'g-' (G, H) C Hom pfG, H) is represented by an open subscheme of 
Boms{G,H). 

To see this, consider the universal object (p: Gt LJt, where we have 
set T = Hom yfC H), and its kernel K C Gt- The sheaf K is a (not 
necessarily flat) finite group scheme on T. Formation of K commutes with 
base change on T; hence the fiber product Hom ^-^fG, H) is represented by 
the open subscheme of T consisting of point t £ T such that Kt has length 1. 

There is a natural action by conjugation of H on Hom ^fG, H), preserv- 
ing Hom g-'fG, H). We claim that }iom q(BsG, BsH) is isomorphic to the 
quotient stack [ Hom ^fG, H)/H], and that Koin ^^ (BsG, BsH) is the open 
substack [ Hom g-' (G, H) / H] . This is obviously enough to prove the state- 
ment. 

Let us start by producing a functor 

Rom g(BsG,BsH) — > [ Rom ^lG, H) / H]. 

For each S'-scheme T and each base-preserving functor F: BtGt BtHt 
we need to exhibit an ff-torsor Q ^ T and an i?-equivariant morphism 
Q — > Hom gfG, H). The torsor Q — > T is simply the image via F of the trivial 
G-torsor Gt — > T. Furthermore, the functor F induces a homomorphism 
from Aut pfG^ Q) = Gq to the automorphism group scheme of the 
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image of Gq — > Q in BqHq. Since this image is the pullback of Q to 
Q, which is canonically a trivial torsor, its automorphism group scheme is 
Hq. This defines an object of Hom gfG, H)(Q), hence a morphism Q 
Hom yfG, H); this is easily seen to be i?-equi variant. This gives an object 
of [ Hom gfG, H)/H\{Q): the functor $ will send F to this object. We leave 
it to the reader to complete the definition of $ by defining its action on 
arrows. 

The functor 

^: [ Hom ^(G,ff)/g] — > llom ^(l3sG, B.^H) 

is defined as follows. Take an object of Hom yfG, H)/H](T), that is, a 
principal i^-bundle Q ^ T, with an if-equivariant morphism (p: Q ^ 
Hom qiC H). We need to define a base-preserving functor BtGt — > BtHt- 
Suppose that T' is a T-scheme and P ^ T' is a G-torsor. We can define an 
action of G on P Xy Q by the formula 

(j),(l)9 = {P9,q<t>{<l){9))- 

Using the formula 

<j){qh) = h-^(f){q)h 

which expresses the fact that cf) is i/-equivariant, we check that this action 
of G commutes with the obvious action of H defined by {p,q)h = {p,qh). 
The resulting action of G x is free and (P Xt Q)/{G Xs H) = T', so 
(P XT Q)/G P/G = T' is an P"-torsor. 

We set ^(Q, (j)){P T') = (P Xt Q)/G T' . This defines the action of 
* on objects; the definition of the action of ^' on arrows is straightforward. 

Let us verify that ^>^' is isomorphic to idjjjgjjj ,{G,H)/H]- Let T be an S- 
scheme, Q ^ T an i7-torsor, (p: Q Hom y(G, H) an //-equivariant maps. 
Set $^((5, 0) = (Q', (p')\ we need to produce an isomorphism between [Q, 0) 
and (Q', </.'). 

By definition, Q' is the quotient {G Xg Q)/G, where the action of G on 
GxsQ is defined by the formula {g,q)gi = {ggi, <i4>{q){9i)) ■ It is immediate 
to verify that the morphism G X5 Q ^ Q is G-invariant and il-equivariant; 
hence the induced morphism Q' = (G xs Q)/G ^ Q is an isomorphism 
of //-torsors. Wc leave it to the reader to check that the homomorphism 
(p' : Q' ^ Hom g(G, H) induced by ^{Q,(p) corresponds to (p; this gives the 
natural isomorphism {Q,4>) 2± (Q', 0'). 

Next we need to check that is isomorphic to idHom5(B9G.Bs.f/)- Let 
F: BtG BtH be a base-preserving functor. Set <^F = {Q T,(f)); 
by definition, Q ^ T = F{Gt — > T). We need to produce a canonical 
isomorphism between F and ^'(Q — > T, ^). Let T' be a T-scheme, P ^ T' a 
G-torsor; we need an isomorphism of ff-torsors between Q' ^ T "= F{P 
T') and ^^{Q ^ T){P ^ T'). By definition, ^{Q ^ T){P ^ T) is the 
if-torsor (P Xt Q)/G ^ T' . There is a morphism P Xt Q ^ Q' which is 
defined as follows. If T" is a T'-scheme, a morphism T" P corresponds 
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to a morphism Gt" P oi G-torsors over T". This in turn induces a 
morphism of iJ-torsors 

T" XtQ = F{Gt" T") — > T" XT' Q'. 

This construction defines a morphism Px^Q Q' ■ This is easily checked to 
be G- invariant and i?-equi variant: hence it defines the desired isomorphism 
of If-torsors {P Xt Q)/G Q' . 

We have left to prove that Hoin ^^ (B.qG, BsH) is isomorphic to the quo- 
tient [ Hom g-" (G, H)/H] , or, equivalently, that the inverse image of the 
substack Rom T (BsG,B,qH) C HomsiBsG,BsH) into Rom ^iGM) equals 
Hom 'g-' (G, H). But this follows immediately from the well known fact that 
a morphism F: BtGt BtHt is representable if and only if for any 
T' ^ T and any object ^ of BsG{T'), the induced homomorphism from 
Aut T/(£) Aut y/ (F(^)) is injective. 4 

Let be a field, R be an artinian local fc-algebra with residue field k, 

G a linearly reductive group scheme acting on R. Set A4 = [Spec i?/G], 
and assume that the moduli space of M. is Spec A; (this is equivalent to 
assuming that R'^ = k). We have a natural embedding BkG = [Spec k/G] C 
[Spec i?/G] =M. 

Lemma 3.9. If T is a k-scheme, any representable morphism of k-stacks 
p : BkG X Spec A; T ^ M. factors through BkG C M. 

Proof. Let P be the pullback of SpeciZ ^ M to BkG Xspccfc T; then P is 
an algebraic space (since p is representable) with an action of G, such that 
the morphism P — > Spcci? is G-equivariant. We claim that the composite 
P — > BfcG X T — > r is an isomorphism. 

Since it is finite and flat it enough to prove that is an isomorphism when 
pulled back to a geometric point Specil — > T, were ri is an algebraically 
closed field; so we may assume that T = Spec Choose a section Spec O 
P: since there is a unique morphism SpecO BqGq over Q, we get a 
commutative diagram 

SpecQ. > P 




BnGn 

Since both SpecO BqGq and P BqGq are G-torsors, the degrees of 
both over BqG^i equal the order of G; hence Specfi — > P is an isomorphism, 
and P — > Spec O is its inverse. 

Thus, since the composite P — > BkG Xspecfc T ^ T is G-equivariant, this 
means that the action of G on P is trivial. The morphism P —>■ SpecP 
corresponds to a ring homomorphism R 0{P), which is G-equivariant, 
and the action of G on 0(P) is trivial. But if m is the maximal ideal of 
R, there is a splitting of G-modules P ~ m © A;; and tn'^ = 0, because 
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R = k. So m is a sum of non-trivial irreducible representations, since G is 
linearly reductive, and any G-equivariant linear map m — > 0{P) is trivial. 
So P — 5- Spec ii factors through Spec A;, so p : BkG ^speck T ^ M. factors 
through [Spec/c/G] = BkG, as claimed. 4ft 

Let us prove Proposition 13.71 Since M. is limit-preserving, it is sufficient 
to show that any morphism Spec k M, where A; is a separably closed field, 
lifts to Spec A; — > A4. 

Notice that Corollary 13.31 (jb|) can now be applied, since its proof only 
requires part (|cj) of the theorem, which we have just verified. Hence the 
moduli space of Spec k Xm M is Spec k, and we can base change to Spec k, 
and assume that M = Spec A;. 

Let A; C A;' be a finite field extension such that A4{k') is non-empty. Pick 
an object ^ G M.{k'), and set G^' = Aut ^/(£). After extending k' , we may 
assume that G^' is of the form H^' x A^,/, where A^/ is a diagonalizable 
group scheme whose order is a power of the characteristic of k and Hk' is a 
constant tame group scheme. There exist unique group schemes A and H, 
respectively diagonalizable and constant, whose pullbacks to Spec k' coincide 
with Afc/ and Hk'] furthermore, the action of Hk' on Ay comes from a unique 
action of on A. We set G = H \k A: this G is a group scheme on Spec A; 
inducing Gk' by base change. 

Lemma 3.10. The stack ^xymj^'^ (BkG, Ai) is of finite type over k. 

Proof. It is enough to prove the result after base changing to k'; we can there- 
fore assume that A4 = [Spec R/G], where R is an artinian fc-algebra with 
residue field k, because of the first part of the proof. Then by Lemma 13.91 
the stack Bxym j^"^ [BkG, A4) is isomorphic to 

Eoml'^{BkG,BkG), 

which is of finite type by Lemma |3.8[ ^ 

The morphism t: Spec A; BkG corresponding to the trivial torsor in- 
duces a morphism 

F: Rom]^'P (BkG. M) — > M 

by composition with t. 

Consider the scheme-theoretic image A4 C of the morphism F: this 
is the smallest closed substack of A4 with the property that F~^(A4) = 
Hom^'^{BkG,Ai). Its sheaf of ideals is the kernel of the homomorphism 

Lemma 3.11. We have 

Spec A;' xspccfc M = BkGk' ^ Mk', 
where Bk'Gk' is embedded in A4k' as the residual gerbe of 
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Proof. By the first part of tlie proof, we can write Aik' in the form [Spec R/Gk'], 
where R is an artinian A;-aIgebra with residue field k' . Formation of scheme- 
theoretic images commutes with flat base change, hence we need to show 
that the scheme-theoretic image of the morphism 

Fk'-. Rom,7 ( By G y, M,A ^ Mk' 

is equal to ByGy] or, equivalently, that for any morphism 

g:T ^mm'^F{ByGk',Mk') 

the composite F^/ o g: T ^ M.k> factors through [Spec /c'/Gfc']. This follows 
from Lemma 13.91 ^ 

Now we can replace M. with and assume that Adk' is ByGy. It 
follows that is a gerbe in the fppf topology over Spec A;. 

Next we define an etale gerbe TV, with a morphism Q J\f. 

For any A;-scheme T and any object ^ G M(T), the automorphism group 
scheme — > T is linearly reductive; let 

1 — ^ — >G^ — >H^ — >l 

be the connected etale sequence of G^. More concretely, is the subfunctor 
of G^ of automorphisms whose order is a power of the characteristic of k. 
If /: Ti ^ T is a morphism of schemes, then = Ti xj- (this is a 

general property of fibered categories), and Aj*^ = Ti A^. We define 
J\f to be the stack Ai^ A, whose existence is assured by Theorem lA.ll We 
claim that TV is a Deligne-Mumford stack. It is enough to check that for any 
algebraically closed field k and any object ^ of TV(Spec k), the automorphism 
group scheme Aut ^i^fg) is reduced. However, since the morphism Ai —i- M 
is of finite type, the object ^ comes from an object ^ of TV4(SpecA:), and we 
have 

this is reduced by definition. 

The pullback of TV to Speck' is By{Gy / Ay) (recall that Ay is the con- 
nected component of the identity in Gy); so TV is an etale gerbe over Spec k. 
Since k is separably closed, there is a fc-morphism Spec k TV. We can re- 
place TW by TW x_/v Spec/c, so that M.y = Bk'Ay- 

In this case, we claim that A4 is banded by the diagonalizable group 
A — > Spec/c (recall that we have defined this as the diagonalizable group 
scheme whose pullback to Specfc' is Ak'). In fact, since TW is a gerbe, and 
all of its objects have abelian automorphism groups, then the automorphism 
group schemes descend to a group scheme over Spec/c, whose pullback to 
Spec k' is Ay. So this group scheme is a form of A in the fppf topology; but 
the automorphism group scheme of A is constant, so this form is in fact a 
form in the etale topology, and it is trivial. 

The class of the gerbe Ai banded by A is classified by the cohomology 
group Hfppf(SpecA;, A). 
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Lemma 3.12. //A is a diagonalizable group scheme over a separably closed 
field k, we have Hfpp£(Spec A;, A) = 0. 

Proof. The group scheme A is a product of groups of the form /x„, so it 
is enough to consider the case A = Then the result follows from the 
Kummer exact sequence of fppf sheaves 

> fJ,^ > Gm ^ Gm ^ 

and the fact that H£pp£(Spec A;, Gm) = H^tC^P^'^ ^' *^m) = for i > (see 
[211 III, Theorem 3.9]). 4 

This concludes the proofs of Propositions 13. 7l and 13.61 and of Theorem l3.21 

Appendix A. Rigidification 

In this section we discuss the notion of rigidification, where a subgroup 
G of inertia is "removed" . This was studied in [21 l28l [5] when G is in the 
center of inertia, the general case briefly mentioned in [17 j. 

In what follows, when we refer to a sheaf on a scheme T this will be a 
sheaf on the fppf site of T. 

Let S be a scheme, or an algebraic space, and let — > S be a locally 
finitely presented algebraic stack. We will denote by IX X the inertia 
stack. 

Suppose that G C ZX is a flat finitely presented subgroup stack. This 
means that it is closed substack, the neutral element section X XX factors 
through G, the inverse morphism XX — > XX carries G into itself, and the 
composition morphism XX XX — > XX carries G G into G. Let 
be an object of X over some S'-scheme T; this corresponds to a morphism 
T ^ X. The pullback T XX is, canonically, the group scheme Aut y(£); 
the pullback of G to T gives a flat group subscheme G^ C Aut -p(£). If 
,^ — > £' is an arrow in X mapping a morphism of 5-schemes T — > T', we 
have a canonical isomorphism Aut y/ ($') ~ T' xr Aut -pf^): this restricts to 
an isomorphism G^i ~ T' Xj^ G^. 

Conversely, assume that for each object ^ of X we have a subgroup scheme 
G^ C Aut -pf£) which is flat and finitely presented over T, such that for each 
arrow — > £' mapping to a morphism T ^ T' the canonical isomorphism 
Aut y/fgO ~ T' Xr Aut yff ) carries G^i isomorphically onto T' xt G^. Then 
there is a unique flat finitely presented subgroup stack G C XX such that 
for any object £ of X{T) the pullback of G to T coincides with G^. 

Notice that this condition implies that each G^ is normal in Aut y(£). In 
fact, if £ is an object of X[T) and u is in Aut y(£), the automorphism of 
Aut j^fg) induced by the arrow u: ^ ^ ^ \s conjugation by u, and carries G^ 
into itself. 

Theorem A.l. There exists a locally finitely presented algebraic stack X[JG 
over S with a morphism p: X ^ X ffG with the following properties. 
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(a) X is an fppf gerbe over X ^G. 

(b) For each object ^ of X{T), the homomorphism of group schemes 

Autr(6 ^ Autr(p(0) 

is surjective with kernel G^. 

Furthermore, if G is finite over X then p is proper; while if G is etale 
then p is also etale. 

Remark A. 2. It is not hard to show that these properties characterize X//G 
uniquely up to equivalence. 

Furthermore, the sheaf of groups G on X descends to a band G over 
X ^G, and X is banded by G over X fjG. Using this one can give a modular 
interpretation of X ffG in a spirit similar to that of [3, Proposition C.2.1]. 

Example A. 3. Suppose that S is a locally noetherian scheme, X ^ S a, 
regular Deligne-Mumford stack with finite inertia, locally of finite type over 
S. We can take as G the closure of the fibers olXX over the generic points of 
the irreducible components of the moduli space of X. The morphism G ^ X 
is easily seen to be etale; hence we can construct a rigidification X [J G, 
which is a regular Deligne-Mumford stack with trivial generic stabilizers. 
Therefore every regular Deligne-Mumford is an etale gerbe over a regular 
Deligne-Mumford stack with trivial generic stabilizers. 

This fact was used, for example, in pL8j, without adequate justification. 

Proof. Let us define a fibered category X over S in the following fashion. 
The objects of X are the objects of X. 

Let /: T ^ T' be a morphism of S'-schemes, and ^' be objects of X 
mapping to T and T' respectively. The set of arrows ^ — > ^' mapping to / is 
in a canonical bijective correspondence with the global sections of the sheaf 
Isom y(£, f*E'). There is a faithful right action of G^ on the algebraic space 
Isom^(£,/*e') 

Notice the following fact. There is also a left action of T yC'X'f G^f on 
Isom ^^ff, f*^') by composition. This commutes with the action of G^. Fur- 
thermore, it is easy to see that the induced action of T G^i on the 
quotient Isom y(£, f*E')/Gf: is trivial; hence the quotient Isom ^ff, f*i')/GF 
coincides with the double quotient G^/\ Isom y(£, f*E')/Gf . 

We define an arrow £ — > £' in A" mapping to / as the set of global sections 
of the quotient sheaf Isom ^ff, f*^')/G^. 

Let g: T' ^ T" be a morphism of S-schemes, and let be an object of 
X mapping to T". Composition defines a morphism of algebraic spaces 

Isom2.(e,/Y) XT'Isom^,(£^g*0 ^Isom2.(e,(5/)T) 
which descends to a morphism 

J^Titf*e)/G^ XT'homT'iC',9*0/G^' ^hgmAtigfm/G^; 
this defines the composition in X. 
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The fibered category X is a, prestack, but not a stack. We define X [JG 
to be the stack over S associated with X. The morphism p: X ^ X [JG is 
the composite of the two obvious morphisms X ^ X and X ^ X /jG. 

Let T be and S'-scheme, ^ and r/ two objects in {X ff G){T). We claim 
that the sheaf IsomT(^,?7) is an algebraic space. This is a local problem in 
the fppf topology, by a result of Artin ([20l Corollaire 10.4.1]), so we may 
assume that ^ and fj are the images of two objects ^ and rj of X{T). In this 
case IsomT(^,rj) coincides with the quotient Isom^(^, f*(,')/G^, which is an 
algebraic space, again by Artin's result ([20l Corollaire 10.4]). 

Now we check that the morphism p: X ^ X jjG is represented by smooth 
algebraic stacks which are fppf gerbe. More precisely, we now show that, 
given a morphism T ^ X [jG, where T is a scheme, the pullback T 'XxffG 
is fppf locally isomorphic to a stack of the form BtG^. This implies the 
statement of the theorem. If [/ — > A' is a smooth morphism, then the 
composition U — > X ff G is also smooth, which shows that X ff G is an 
algebraic stack. Furthermore BtG^ is proper over T when G^ is finite, and 
etale when G^ is etale. 

We may assume that the object ^ of {X ff G){T) corresponding to the 
morphism T ^ X ff G comes from an object of X{T). An object of the 
fiber product T y^xjJG ^ consist of the following data: 

(a) A morphism of schemes f : T' ^ T; 

(b) An object rj of X{T'); 

(c) A section 

T' — > Isom ^/ (p(/i), ^) = Isom j./(7?, £)/G;:. 
From this data we obtain a G^-torsor P ^ T' , where 

P = T' Xisomj,/(r;,C)/G5 Isomy,(7?, £). 

By examining what happens to arrows it is easy to show that this construc- 
tion extends naturally to a functor T x ^ffG ~^ BtG^. We will show that 
this is an equivalence. The inverse BtG^ ^ T — > X ffG is defined as follows. 
Let T' be a scheme over T and (p: P — s- T' be a G^-torsor. The action of G^ 
on £ gives to an action of G^ on the pullback S^t', by jSSl Theorem 4.46] we 
obtain an object r] of X{T'). The functor BtG^ T ^ X ffG sends P ^ T' 
into rj. We leave it to the reader to check that this gives an inverse to the 
functor above. This concludes the proof. 
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